
Distributed fast boundary element methods
Michal Merta

IT4Innovations National
Supercomputing Center
Ostrava, Czech Republic
michal.merta@vsb.cz

Jan Zapletal
IT4Innovations National
Supercomputing Center
Ostrava, Czech Republic
jan.zapletal@vsb.cz

Michal Kravcenko
IT4Innovations National
Supercomputing Center
Ostrava, Czech Republic
michal.kravcenko@vsb.cz

ABSTRACT
We present a parallel implementation of the fast boundary element
method (BEM) for the Helmholtz equation. After a brief description
of BEM, vectorization of the computationally most demanding ker-
nels, and sharedmemory parallelization, we focus on the distributed
memory parallelization using a new approach for distribution of
the fast BEM system matrices among computational nodes. More-
over, we present a modification of the adaptive cross approximation
(ACA) method capable of dealing with BEM matrices containing
zero blocks, which usually lead to problems for the original ACA
algorithm. Numerical experiments demonstrating the performance
of the implementation were carried out using several Intel archi-
tectures.
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1 INTRODUCTION
The boundary element method (BEM) [8] is well suited for solution
of problems stated on unbounded domains (such as electromagnetic
or acoustic wave scattering) since it reduces the problem to the
boundary of the computational domains. However, the classical
BEM produces full matrices and is of quadratic computational com-
plexity with respect to the number of surface DOFs. Moreover, one
has to take a special care of the singularities occurring in the nu-
merical integration which leads to a high computational intensity
of the integration routines.

An efficient parallel implementation of BEM is necessary to en-
able solution of large scale real-world problems. The BEM4I library
developed at IT4Innovations National Supercomputing Center pro-
vides an implementation of BEM parallelized on several levels. On
the lowest layer the integration routines are SIMD vectorized using
OpenMP pragmas, the system matrix assembly is parallelized in the
shared memory by OpenMP threading and the whole procedure can
be distributed among computational nodes using MPI. Moreover,
to reduce computational complexity and memory requirements
one can use a variant of the fast BEM, such as the adaptive cross
approximation (ACA) method [1] or the fast multipole method [6].
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Here we focus on the distributed memory implementation of the
ACA method using novel approach presented in [2, 3] and its ap-
plication to solution of the sound scattering problems modelled by
the Helmholtz equation.

The contribution has the following structure. After a brief intro-
duction to BEM and the BEM4I library, we describe the adaptive
cross approximation method and its modification capable of dealing
with matrices containing zero blocks. Next, we discuss vectoriza-
tion and parallelization of the code in the shared memory. The
main part focuses on parallelization of fast BEM in the distributed
memory. Furthermore, we provide results of numerical experiments
demonstrating the efficiency of the implementation.

2 INTRA-NODE PARALLELIZATION
Implementation of BEM for the Helmholtz equation has to deal
with integrals of the type

[Vh ]ℓ,k :=
1
4π

∫
τℓ

∫
τk

eiκ ∥x−y ∥

∥x −y∥ dsy dsx .

There are several approaches for treating the singularities occurring
in the integrals [7, 8]. However, they results in large computational
intensity of the quadrature routines requiring either large num-
ber of quadrature nodes or evaluation of expensive transcendental
functions. Therefore, the assembly of the system matrices is usu-
ally one of the most time-consuming parts of a BEM simulation
and we pay significant attention to the parallelization and opti-
mization of the process. On the other hand, its high computational
intensity makes BEM capable of utilizing resources of modernmulti-
/many-core CPUs with wide SIMD registers. Therefore, besides the
shared-memory threading by OpenMP, the computationally inten-
sive quadrature routines are vectorized by OpenMP SIMD pragmas,
see [4, 5, 9, 10].

3 ACA AND ITS MODIFICATION
The ACA algorithm is based on a hierarchical decomposition of
the system matrix into blocks and low-rank approximation of ad-
missible blocks using crosses of appropriately chosen rows and
columns

Sk :=
k∑
ℓ=1

uℓv
⊤
ℓ = [u1,u2, . . . ,uk ][v1,v2, . . . ,vk ]⊤ = U(k )

r V(k )r .

The number of crosses is not given beforehand and the algorithm
is stopped when a given accuracy of approximation is achieved.
However, when the input matrix has the structure similar to

A =
[
O A1,2
A2,1 O

]
,
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Figure 3.1: Scalability of the system matrix assembly in
shared memory.

the algorithm’s partial pivoting only selects nonzero pivots from
from either A1,2 or A2,1 ignoring the other block. In the case of
BEM, this typically happens when the input geometry contains
clusters lying on the same plane. To overcome the problem, in [2]
we have presented a modification of the algorithm that identifies
problematic blocks in advance, selects references rows and columns
from these blocks, and features an outer loop checking the approxi-
mation error using the reference rows and columns. Table 3.1 shows
a comparison of relative error in L2 norm for the Helmholtz prob-
lem with known solution on a problematic mesh containing large
number of clusters lying on the identical plane. Using our approach,
we were able to restore a convergence to the exact solution.

4 DISTRIBUTED ACA METHOD
Parallel implementation of the ACA method is not straightforward
as one has to deal with load balancing issues. In [3], a new approach
for parallelization of ACA was presented. The original boundary
mesh is decomposed intoN submeshes, pairs of which define blocks
in the system matrix. The related N × N submatrices are assigned
to N concurrent processes. Each of the blocks is assembled as a
separate low-rank ACA matrix. The distribution minimizing the
number of submeshes assigned to a single MPI process is defined
using cyclic decompositions of undirected complete graphs. How-
ever, in [3] only decompositions for certain unusual number of
processes are provided (N = 3, 7, 13, 21, . . .). In [2] we extend the

L2 error

# surface elements Original ACA Modified ACA

10,722 2.51 · 10−2 2.51 · 10−2
42,888 1.35 · 10−2 1.17 · 10−2
171,552 1.12 · 10−2 5.62 · 10−3
686,208 4.66 · 10−2 2.75 · 10−3

Table 3.1: Convergence of the original and modified ACA al-
gorithm in L2 norm.

Figure 4.1: Sound scattering off a perforated plate.

approach and provide algorithm for finding decomposition for ar-
bitrary number of processors.

In combination with the above-mentioned shared memory par-
allelization and vectorization, we obtain a scalable code capable
of utilizing resources of modern many- and multi-core clusters.
The scalability of the system matrix assembly up to 256 nodes of
the Salomon cluster at IT4Innovations (equipped with two 12-core
Intel Xeon E5-2680v3 CPUs per node) is presented in Figure 3.1.
For the two smaller problems we obtain optimal scalability up to
128 compute nodes; on 256 nodes the local problems are too small
to be efficiently parallelized within the shared memory of a single
node. The largest problem scales well from 64 to 256 nodes. The
computational mesh and solution of the sound scattering problem
is depicted in Figure 4.1.

5 CONCLUSION
We have presented a parallel version of the fast boundary element
method employing the SIMD vectorization, shared-memory paral-
lelization, and distribution among multiple computational nodes
using novel approach based on a cyclic graph decompositions. It
is well-suited for problems on unbounded domains, such as mod-
elling of wave propagation. Moreover, the presented version of the
ACA method is capable of dealing with usually problematic BEM
matrices containing zero blocks.
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