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Introduction MGRIT as a preconditioner (2) Numerical Experiment (2) the number of iterations

> In massively parallel environment, MGRIT (Multigrid Reduction in Time) [1][2][S] gained attentions as - Here, we derive the 2-level MGRIT preconditioning matrix [15][16]. ~ Experimental Pf0b13m53 2D hn.e.ar dlﬁUSIOH'Pr(?bleH} using 5-points difference
a scalable solver of the time evolution problem. 16384, mr tmesteps=553s » It is possible to extend the algorithm to multi-levels. > The purpose is to check the stability by number of iterations. o N | |
» Space direction parallelism is quickly depleted. Need to extract time direction parallelism [7]."] " & . Uy-eyeie I8 the approximate solution Aw = g after applying one-cycle Two-level MGRIT method. » Problem and parameter settings: n = 4 X 4 (DoF in space), timestep = 256 (DoF in time), B2 = 0.1, coarsening ratio= 4.
» Fig 1 shows an example where MGRIT is the scalable solver in the time direction. ~ We compareq GMRES, MGRIT, and MGRIT'GMRES (the proppsed method).
> MGRIT constructs a multi-level structure in time direction by expanding time step width. u = Sycru+T1g Uy-cycle = Of ( I]-P A;l R A) Steru + ( S¢Ty +To + S¢P A;l R(I — ATl)) g (3 » The used environment: a cluster based on the Xeon Phi 7200-series, Oakforest-PACS supercomputer system (JCAHPC) [17].
» Coarse-level problems with large time step width tend to be unstable. £ rA = R(g — Au) space:4x4, time step size:256 space:4x4, time step size:256
AAUA = Tp > Uy_cycle 18 TEpresented by a term of w and atermof g. 100+ M 100+
» Application with MGRIT as the preconditioner of Krylov subspace method, 100 u = u + Pup » w is the initial unknown vectors. For preconditioning, u is set to 0.
to enhance the stability of the solver e | U= Spu+Tog - MGRIT preconditioning matrix M~ is (S/T} + T, + SyPA'R(I - AT})) . 1072 1072
> Lo Ao . o . Figure 1: scalable solver in time direction Algorithm 1: Two level method — " n
» We used GMRES (Generalized Minimum RESidual) [8][10][11][12]. vo = ro/ll7roll2 R © 104
> It can realize parallelization in both space direction and time direction. ' » MGRIT preconditioned GMRES for j = 0, 1k # k is a restart number S S
- i _seri ] 171. fine level stabl A zi =M lv; v Q
We us.ed a cluster based on the Xeon Phi 7200-series, Oakforest-PACS (JCAHPC) [17] ne level stable t . Use GMRES [8][10][11][12] method as the Krylov subspace method. ] = .] 10-6. =6
> AnaIYSIS o—o—o—o—o—o—o—o—Q—o—o—o—o—o . . . . . Vj+1 . = _ —®— gmres —®— gmres
- S compiadon eemle iy eer s MCRIT . > — Because time evolution matrix is nonsymmetric. Please look at Figure 3. for i - ®,_ j ki meri
» Additional memory cost is needed for Krylov subspace method. UhmEsiE — Our purpose is to enhance the stability of MGRIT. LI = 1 Ll’ 1.)1.) . 1084 —e—  morit-gmres 107 —e— mgrit-gmres
> It inherits the scalability of MGRIT. coarse level unstable | coarsen rate xAr — Utilize the nature of monotonic decrease of residuals in GMRES. 4 Yot = O IR bl
> MGRIT (preconditioning) + GMRES (solver) monotonically decreasing residual norm. Y ene _ 0 5 10 15 0 5 10 15
o —_— . )’ » GMRES allows application of the right preconditioning [11][12]. h{3+11031 = llvjllz R O - qumber of iteration
» Our contribution Timestep — The red hlghllght in Algorithm 7 show the preconditioning part. vj+1 = Ujr1/h[j+1]11]] Figure 12: (Implicit) the number of iterations in GMRES, MGRIT and MGRIT-GMRES Figure 13: (Explicit) the number of iterations in GMRES, MGRIT and MGRIT-GMRES
~ We propose MGRIT preconditioned Krylov subspace method. | o _ . . end » In implicit method, even if the time-step width is large, the coarse grid correction works efficiently.
» We showed the matrix form of MGRIT operation and how MGRIT preconditioning improved eigenvalue distribution. > MGRIT-GMRES uses MGRIT preconditioning matrix at /™" in Algorithm 2 Compute @x = o + Zxye # 7 = 120,21, 2] ~ As shown in Fig. 12 of the result of implicit method,
» MGRIT-GMRES achieves higher stability than MGRIT in our small and easy problems. Algorithm 2: preconditioned GMRES | The residual histories of MGRIT and MGRIT-GMRES approximately matched.

— Because coarse-level problem solved efficiently

MGRIT Implementation » In explicit method, if the time-step width is coarse, the problem becomes unstable.
» As shown in Fig. 13 of the result of explicit method,
~ the time evolution problem ~ Component » Parallelism is extracted in both space direction and time direction. The residual norm of MGRIT increased for a few initial iteration.
» In implicit method, step-by-step equation and time » MGRIT divides time-steps to C-point (red) and F-point (black) o . . . . — Unstable coarse-level problem is expected to degraded the convergence.
evolution matrix A are written as in next equations. > coarsening ratio: the number of time-steps ~ Here, the data distribution and the representative operations (inner product and SpMV) are introduced. » MGRIT-GMRES monotonically decreased the residual norms, and reduced the number of iterations.
0 0 between C-point to C-point " The broblem domai be viewed 1 8
& = . Sy: pre-smoother, FCF-relaxation R . Numerical Experiment (3) the scaling performance
ouitl = 44 gi+1 (i=0,1,---,T—1) (1) 1. Pre-SMOOCL, ) as a two dimensional plane. y S | » Time evolution matrix and unknown P gPp
o B post-smoother, F-rela.xatlon > the space dircetion and the time direction | J N s vector in the order of time steps Space DoF:16384, Time DoF: 65536, strong scale : 1; Fus 1 -
[ u” gO > R extract C-points, restrict to coarse-level E » Example in Fig. 5 ” N N | » Color of unknowns corresponds to 10° - g EXpe.rlmeI.ltal pr oblems: 2D linear di us10n-pr oblem using
|- o ul B g! B ) g P : prolongate coarseo—level.vectoor to ﬁge-level s > Problem domain (4 x 4 areas, 16 processes) ~ »1 W | decomposed domains of Fig. 5. S-points difference.
Au = el e : - : =g ( ) » direct solve: Sequentlally time lntegratlon » 4 space communicators to red, blue, green, 100 ..____:-..:_" g » It is not one-dimensional block row » The purpose iS to check the Strong Scaling performance.
1 @| [T o7 with parallel execution in space direction orange processes o W | distri.buti.on .that. is a represent.ati\{e sparse _ - We measured the execution time of MGRIT-GMRES with strong scale.
_ . o . space » - 4time communicators in vertical direction matrix distribution as shown in Fig. 6. 2 > The used environment: 512 nodes and 32768 processor cores on
» It solves Au = g by incorporating coarse-grid S \ S \ Figure 6: data distribution on 16 processes Figure 7: the relation to matrix A 5 10 Oakforest-PACS [17] (JCAHPC) supercomputer system
correction in time direction. ]. 2 (4 in space direction and 4 in time direction) and an each process 0 - '
e e e s 1o e = » n = 128 X 128(DoF in space), timestep = 65536(DoF in time)
N . ) . ) » the inner product operation on space and time domain » the SpMV operation with the time evolution matrix — DoF in problem is 16384 X 65536 = 1,073, 741, 824.
201 \\\:\ Timestep Timestep step 1 Reductioln operation for summation of local inner product is done using space step I Red part: SpMV o.f diagonal bllock with spaTce communicator, this is ®y » Ps (space parallelism) is fixed at 128.
40 \\;\ communicator step 2 Blue part: Coeflicient of sub-diagonal part is —1. 101 . . Pt (time parallelism, upper X-label) is [1, 2, 4, 8, 1 6, 32, 6 4, 128, 5 6]
60 "*:1\ R P step 2 Allreduce operation for the global inner product is done in time communicator 0 It refers to the unknown values 1 time-step before. S m rallelism is 128 X 256 = 32768
%, step 3 Broadcast operation with space communicators are done to share the global inner Therefore, the calculation is done after communication using time communicator. ax parallelis - *
J In Fig 14, when the ti llellism doubled, th ion ti
W product among all processes step 1 step 2 i 2 4 8 o » et s » In Fig 14, when the time parallellism doubled, the execution time was
100 1 128 2
\\:\\ . op——o 2 B o B WP number of process Pt (upper label) and, all-processes (lower label, Pt x Ps) reduced to about 1/2.
S \:\\ direct solve R Figure 14: MGRIT-GREMS, strong scaling performance — MGRIT-GMRES has the good scaling performance. ]
- . ’ N
Figure 2: nonzero component of @ Figure 3: nonzero component of A Timestep %, .
N Conclusion & Future work
BN
%% . . .
MGRIT reconditioner (1) , | » MGRIT attracts attentions as a scalable solver of time evolution problems.
as 4 preconditione Figure 8: diagonal part Figure 9: sub-diagonal » Large time-step width at coarse levels make the coarse-level problems unstable especially for explicit method.
of SpMV part of SpMV ..
We showed a iterative matrix of MGRIT > We proposed MGRIT preconditioned Krylov subspace method.
> .
i Gl 1 e s & s andbifemes, (he resendieming mns s St » We showed the matrix forms of all MGRIT operations, and improvement of eigenvalues distribution.
> u ’ u y- ° ° ° ° ° ° ° . . . . . .
- Al eppemitiens of MG g deserlyad i & matns T Numerical Experiment (1) eigenvalue and singular-value distribution » We evaluated MGRIT preconditioning for both stable and unstable problem in terms of number of iterations|
7 u I I u Iru — In case of unstable problem, MGRIT increased residual norm for a few initial iterations,
> Introduction of symbols I U u u 0 » Experimental problems: 2D linear diffusion-problem using 5-points difference but MGRIT-GMRES monotonically decreased it.
' ’ Y ° P P P SP MGRIT-GMRES perfi d better than MGRIT in t fth ber of iterati ' test probl
] 50: efl( tractlonly t?e Cp Comts.. 40 at F-poi “ 0 . “i “ » The purpose is to investigate the effects of MGRIT preconditioning. ~ ) periormed better than 1N ierms of the humpber o1 TLerations in out casy test probiems.
cw has values ol u; at -points and @ at F-points. w (|0 d 2| "2 » Problem and parameter settings: n = 4 x 4 (DoF in space), timestep = 32 (DoF in time), <AL = 0.1, coarsening ratio= 4. > Krylov subspace method enhances the stability of MGRIT method.
» I¢: extract only the F-points I U U U 0 P = P p (Ax)* & . . . .
If ' h i £ at F ) ts and 0 at C-point 3 3 3 » The problem discretized by the implicit method is regarded as a stable problem. » Krylov subspace method mainly consists of matrix vector product and inner product.
At NES LGOI ELAT S B SR DU MO G LA 00 b Ug 0 1 Uq U4 » Since large time-step width at coarse levels influences the convergence of explicit method, the problem discretized by the explicit method is regarded » They are included in MGRIT and can be calculated effectively using time and space communicators.
\ / \ Us } \ 0 / \ 4 / \ Us } \ Us / as a unstable problem. » The calculation cost of MGRIT preconditioned GMRES is the same order of MGRIT.
» C-relaxation: Update C-point from F-point one step before. » The convergence of Krylov subspace methods depends on the eigenvalue distribution of A. » MGRIT preconditioned GMRES needs the additional memory cost of k-vectors for restart GMRES(k).
M, If u I, g . . . . . . . . ce . . . . . . .. .
( I \ ( " \ ( \ ( 0 \ ( ] \ ( 20 \ » In the implicit method, we examined whether eigenvalue distribution of A improved by MGRIT preconditioning. » We will continue to 1nvest1gate the effectiveness of MGRIT p reconditionin g
» In the explicit method, all diagonal elements of A are 1, therefore all eigenvalues are 1. ) ) ) ) . . .
)i U )i U g1 A S A S A S A . . o L » We will evaluate the more large timestep-width or more unstable problems, discretized from another governing equation.
— we examined whether singular value distribution improved by MGRIT preconditioning. o ) . .
I uy | _ I uy | 27 Figure 4: C-relaxation » The eigenvalue distribution of A is blue points(-), and that of AM~" is orange points(-). > MGRIT preconditioning doesn’t depend on the Krylov subspace method. We will combine another Krylov subspace method.
-1 © uj uj Il 23
— a1 -1 » As shown in Fig. 10 (Implicit), almost all eigenvalues gathered around (1.0, 0.07) and it improved the eigenvalue distribution.
1 Uy I U4 24 = U MC Ifu + MC I.g g P g g J p g cknowieagements
\ I / \ Us / \ I ) \ Us ) \ / \ g5 / » As shown in Fig. 11 (Explicit), most singular values gathered around (1.0) and it improved the singular-value distribution.
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