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ABSTRACT
�is work presents a performance comparison of highly tuned
matrix-free �nite element kernels from the deal.II �nite element
library on di�erent contemporary computer architectures, NVIDIA
V100 and P100 GPUs, an Intel Knights Landing Xeon Phi, and two
multi-core Intel CPUs (Broadwell and Skylake). �e algorithms
are based on fast integration on hexahedra using sum factorization
techniques. For small problem sizes when all data �ts into CPU
caches, Skylake is very competitive with Volta. For larger sizes,
however, the GPU holds an advantange of approximately a fac-
tor of three over Skylake, because all architectures operate in the
memory-bandwidth limited regime. A detailed performance analy-
sis contrasts the throughput-oriented character of GPUs versus the
more latency-optimized CPUs for the scenario of high-order �nite
element computations. Furthermore, the algorithms are ported to
a multi-GPU case on NVIDIA DGX-1, where we �nd good scaling
at large sizes, but a severe increase in the minimum time for a
matrix-vector product from less than 10−4 seconds on a single GPU
to almost 10−3 seconds on 8 GPUs.
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1 INTRODUCTION
Matrix-free evaluation of weak forms in �nite element methods, a
technique originally established in the spectral element community,
is the most competitive implementation variant for higher-order
basis functions in a wide range of applications involving partial
di�erential equations such as structural mechanics, biomechan-
ics and �uid dynamics. Computing the integrals on the �y trades
a lower transfer of data from main memory for some additional
arithmetic operations as compared to conventional solvers using
sparse matrices. Since sparse matrix algebra is heavily memory
bandwidth bound with arithemtic intensities of 0.16 to 0.25 �oating
point operations per byte loaded from main memory, a matrix-free
alternative can be much faster also when performing more compu-
tations [7, 9]. A competitive evaluation of integrals is provided by
sum factorization, a technique that decomposes the interpolation
and unit cell derivatives for tensor product shape functions and
quadrature into a series of 1D operations. �is approach achieves
arithmetic intensities between 1 and 10 �oating point operations
per byte loaded from main memory [9].

Our poster considers algorithmic components that provide a
high node-level performance, supported by detailed performance
�gures over �ve di�erent processor architectures. �e performance
of the general-purpose kernels included in the open-source �nite
element library deal.II [1] is critically assessed in terms of the
throughput at large sizes and the latencywhen there is less work per
core. �e analysis highlights the increasing importance of memory
bandwidth also for algorithms with a higher FLOP/Byte ratio than
traditional sparse matrix algebra. As long as all data �ts into caches,
CPUs are surprisingly competitive though. Overall, the NVIDIA
V100 and P100 GPU have an edge over the competing architectures
in terms of aggregate performance.

2 MATRIX-FREE ALGORITHM
In both explicit time integration schemes and a selection of iterative
solvers, the matrix-vector product is the primary determinant for
application performance. �is includes state-of-the-art multigrid
solvers based on Jacobi and polynomial smoothers [9, 11].

Our matrix-free implementation considers a partial di�erential
equation in weak form as the evaluation of the di�erential operator
for a given input vector u in terms of the underlying integrals. In
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the case of the Laplacian, we express the matrix-vector product
v = Au as

vi = (Au)i =

∫
Ω
∇φi · ∇u

hdx ,

where the assembled system matrix A is substituted by the under-
lying integrals with φi the i-th test function and uh the piecewise
polynomial representation associated with the input vector. In
sum factorization, the matrix A is neither built globally nor on
the element level, and only the integrals on the right hand side
are evaluated by numerical quadrature in a loop over all cells in
the mesh. �e arithmetic work is spent in the interpolation of the
unit cell derivatives ∇̂uh given the vector entries uj on the cell and
the multiplication and summation by ∇̂φi , see [7] and references
therein. Optimal-complexity schemes are enabled by sum factor-
ization, which utilizes the tensor product structure in the shape
functions and the quadrature formula by factoring out common
factors along the respective directions and can thus apply a series
of one-dimensional interpolation kernels along each coordinate
direction. �is concept, dating back to [12], reduces the operational
complexity from O(pd ) operations per degree of freedom for p-th
degree polynomials in d dimensions for the �nal matrix stencil
to O(dp) for all spatial dimensions. At degrees p > 3 in 3D, sum
factorization does not only reduce the memory transfer, but also
the number of arithmetic operations over matrices [7, 9].

In this work, we evaluate the implementation of sum factoriza-
tion within the deal.II �nite element library [1] which has a par-
ticularly well-tuned CPU version that runs close to hardware limits
[7–9]. �e CPU version uses SIMD vectorization by C++ wrap-
per classes around intrinsics over several cells and gather/sca�er
operations for the vector access which are speci�cally tuned for
AVX-512. Despite the high level of optimization, the kernels can
be accessed in a generic way that can also be leveraged in complex
application codes [2, 5, 6]. �e CPU code is parallelized with pure
MPI, which we found this to outperform thread-based implementa-
tions that schedule the integration tasks according to dependencies
as a means to avoid race conditions [4, 8].

For the GPUs, the algorithms from [10, 11] are extended to mul-
tiple GPUs with data exchange similar to the MPI implementation
for the CPU [7]. �e GPU implementation uses a more �ne-grained
parallelization with a separate thread for each degree of freedom on
a cell that is combined with a parallel for loop over elements. Race
conditions of access to the same degree of freedom from several
threads are avoided by NVIDIA’s built-in atomic instructions.

3 PERFORMANCE COMPARISON
Fig. 1 displays the performance of the evaluation of the scalar
Laplacian for polynomial degree p = 4 on a setup similar to the
CEED bakeo� problem BK5 [3]. �e GPUs reach a clearly higher
throughput than the CPUs for large problem sizes. However, the
CPUs have a be�er throughput at small sizes where the latency
becomes important.

Fig. 2 displays a weak scaling experiment with 1 and 10 million
degrees of freedom per GPU over multiple GPUs on both the Pascal
and the Volta architecture. We see that the latency limit of the
single-GPU case gets exacerbated for multiple GPUs and through-
put reduces for the smaller problem size. �is decrease in e�ciency
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Figure 1: �roughput of Laplace operator evaluation on a
curved mesh.
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Figure 2: Weak scaling of multi-GPU setup.

can be explained by the fact that the 8-GPU setup does not go below
8 · 10−4 seconds per operator evaluation, as compared to 5 · 10−5
seconds on the single-GPU setup.

4 CONCLUSIONS AND OUTLOOK
Our experiments show the great capabilities of the V100 and P100
GPUs for throughput-dominated setups. While we observe Intel
CPUs to reach a similar performance on small and moderate sizes
that �t into the processors’ caches, the V100 is able to considerably
outperform the former in case memory bandwidth is important,
which is a large share of matrix-free applications. Our results also
show that further research is needed to improve the throughput
at moderate problem sizes per GPU which does currently not op-
timally use the available resources. Future work will investigate
be�er schemes for overlapping data transfer and computation, sim-
ilar to the CPU implementation [7].
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