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Abstract—In this paper we describe the basic idea, imple-
mentation and achieved performance of our DSL for stencil
computation, Formura, on systems based on PEZY-SC2 many-
core processor. Formura generates, from high-level description
of the differential equation and simple description of finite-
difference stencil, the entire simulation code with MPI paralleliza-
tion with overlapped communication and calculation, advanced
temporal blocking and parallelization for many-core processors.
Achieved performance is 4.78 PF, or 21.5% of the theoretical
peak performance for an explicit scheme for compressive CFD,
with the accuracy of fourth-order in space and third-order in
time. For a slightly modified implementation of the same scheme,
efficiency was slightly lower (17.5%) but actual calculation time
per one timestep was faster by 25%. Temporal blocking improved
the performance by up to 70%. Even though the B/F number of
PEZY-SC2 is low, around 0.02, we have achieved the efficiency
comparable to those of highly optimized CFD codes on machines
with much higher memory bandwidth such as K computer. We
have demonstrated that automatic generation of the code with
temporal blocking is a quite effective way to make use of very
large-scale machines with low memory bandwidth for large-scale
CFD calculations.

I. INTRODUCTION

Explicit stencil computation is an important class of nu-
merical methods used in a variety of HPC applications, for
example computational fluid dynamics, FDTD method applied
to many applications for wave propagation in electromagnetic,
acoustics, seismic and other calculations.

In several important areas of computational fluid dynamics,
implicit methods have been used for incompressive fluid,
because they can overcome the CFL limit for the timestep due

to the speed of information propagation. By using the combi-
nation of approximations such as incompressive approximation
and implicit methods, one can use the timestep not limited by
the CFL condition.

For example, Yang et al.[1], the Gordon-Bell Prize winner
for 2016, used implicit method for non-hydrostatic atmo-
spheric dynamics. They have achieved the efficiency of 7%
on Sunway TaihuLight. Number of floating point operations
per timestep per grid point is 9.3× 104, which is 20-40 times
larger than those of explicit methods (see table 1). The reason
why the operation count is very high is that implicit methods
require iterations to solve the Poisson equation for pressure
at each timestep. They have developed highly sophisticated
hybrid DD-MG method. Even so, the number of iterations
necessary almost doubles when the number of grid points is
increased by a factor of eight.

Recently, the reduced speed of sound method (RSS method)
[2], [3] made it possible to increase the size of the timestep
for explicit methods over the physical CFL limit. The basic
idea of RSS is to apply the incompressive approximation to
the opposite direction. We know that we can approximate
the subsonic flow with different Mach numbers, for example
M = 0.01, M = 0.1 and even M = 0.5 with the same
incompressive flow. Therefore, we can actually approximate
the flow with M = 0.01 with that with M = 0.5, thereby
relaxing the CFL condition by a factor of 50.

The number of floating point operations per timestep per
grid point is orders of magnitudes smaller for explicit schemes
compared to implicit schemes. In addition, the use of the



RSS method is highly advantageous on modern HPC systems,
because of the following three reasons:

• The requirements for communication bandwidth and la-
tency are much less severe for explicit schemes than
for implicit schemes. Explicit schemes require commu-
nication only with neighboring nodes. In the case of
implicit methods, when the multigrid method is used, a
large number of communications with faraway nodes are
required per timestep, resulting in very large communi-
cation overhead.

• The requirement for memory bandwidth is also much less
severe for explicit schemes than for implicit schemes.
With proper cache blocking, an explicit method need to
read and write physical variables only once per timestep,
while in the case of an implicit method the main memory
is read and written at each iteration within one timestep.

• When the RSS method is used, there is no essential
difference between the timestep limits for implicit and
explicit methods.

Note that the idea similar to that of the RSS method can
be applied to many other problems where the implicit method
have been used, such as mantle convection [4] and radiative
transfer [5].

Therefore, we believe that it is quite important to develop an
efficient way to implement explicit schemes, ideally combined
with the temporal blocking, in order to use modern large HPC
systems effectively.

The basic idea of temporal blocking is to apply multiple
timesteps to local small block of grid that fit to the cache,
so that we can reduce the access of the main memory.
Theoretically, the upper bound of the performance Fmax of
an explicit scheme without temporal blocking is given by

Fmax = min

(
F,
CeG

2He

)
, (1)

where Ce and He are the amounts of the computation and the
data transactions per grid point, F and G are the computation
throughput (flops) and the main memory bandwidth, in terms
of operations per seconds and words per seconds.

With the temporal blocking method, this limitation is re-
laxed to [6]

Fmax,TB = min

[
F,
CeG

2He

(
1

NF
+

2dNs

NT

)−1
]
, (2)

where NF , NT and Ns are the number of timesteps combined
in temporal blocking, the size of grid in one dimension which
fit into the last-level cache, and the width of the stencil,
respectively, and d is the number of spatial dimensions.

We can see that an important parameter which determines
the efficiency of the explicit method with the temporal block-
ing is 2dNs/NT . The effect of the temporal blocking is
larger for smaller Ns and larger NT . The physical size of
LLC determines NT . In order to take advantage of temporal
blocking, therefore, we should make Ns as small as possible.
In the case of simple three-point stencil in one dimension,

Ns = 1. If we use 4-point, staggered grid used in many
FDTD applications, Ns = 3. We also have to take into account
the effect of the time integration method. With the Runge-
Kutta methods which are widely used in CFD applications,
the effective size of the stencil becomes Nss, where s is the
number of stages of the Runge-Kutta method. Thus, if we use a
Ns = 3 stencil with s = 4 Runge-Kutta method, we effectively
have the stencil width of 12, which means the advantage of
the temporal blocking would be completely lost for the cache
of the size of several MBs.

Therefore, in order to reduce the memory access by tempo-
ral blocking, it is very important to use a scheme with small
Ns and s. However, not much research has been done in this
direction, since the need for such numerical schemes has not
been recognized. Thus, even though the temporal blocking
shows clear advantage for demonstrations with 7-point stencil
for diffusion equation, its advantage in real applications is yet
to be demonstrated.

Table I summarizes the state of the art for implicit and
explicit solvers for large-scale CFD simulations of subsonic
flows in earth science and astrophysics.

Hotta et al. used a four-point, staggered-grid spatial dif-
ference with 4-stage Runge-Kutta scheme. Therefore, the
potential gain by using the temporal blocking is small. In
the next section, we briefly describe the new finite difference
scheme we have developed.

In the case of two calculations on K computer [7], [8],
the number of floating-point operations per timestep is around
2000, and the number of basic physical variables is five. From
equation (1), we can express the upper bound of the efficiency,
defined as the computational speed determined by the memory
bandwidth normalized by the theoretical peak speed, as

ηmax =
B

8F

Ce

2He
, (3)

where B is memory bandwidth in terms of bytes per seconds
and we assume that one words is expressed in eight bytes. In
other words, we assume G = B/8. In this notation, B/F in
equation (3) is B/F in the widely used form. One processor
of K computer has the theoretical peak of 128 Gflops and
effective memory bandwidth of around 50GB/s. Thus, we have
B/F ∼ 0.4, Ce ∼ 2000 and He = 5. Thus, we have ηmax ∼
10. In other words, efficiency of these calculations are actually
not limited by the main memory bandwidth but by something
else. The efficiency should be much closer to 100%.

This observation may be a bit surprizing, since the common
wisdom is that the efficiency of explicit methods on modern
cache-based architectures is limited by the main memory
bandwidth.

There are several reasons why the achieved efficiency
numbers of the best codes available on K computer are much
lower than the theoretical limit. One is simply that these codes
are not written in the way which satisfies the assumption in
the derivation of equation (1). We assumed that each variable
is read and written only once per one timestep, and all
intermediate results are stored only in the cache and never



application Yashiro et. al. Yang et. al. Hotta et.al. This work
reference [7] [1] [8] –
method explicit implicit explicit explicit
# grids 5.5× 1012 1.29× 1011 2.61× 1011 3.97× 1012

WCT per Timestep (seconds) 12.4 9 0.254 3.37
# grids processed per second 4.6× 1011 8.6× 1010 1.03× 1012 1.18× 1012

flop per mesh per timestep 1888 93023 2505 4246
Computer K computer TaihuLight K computer Gyoukou
Efficiency(%) 10.2 7 24.3 21.5

TABLE I
COMPARISON OF STATE-OF-THE-ARTS HIGH-RESOLUTION MESH SCHEMES

spill over to the main memory. If we use 4-stage Runge-Kutta
method, a usual implementation would require one read and
write in each stage, thus we need four read and four write
operations per variable. In theory, we should be able to avoid
these additional read and write by cache blocking. However,
that would effectively require the implementation of temporal
blocking.

Another difficulty is that the processor architecture of K
computer requires that the loop count for the innermost loop
to be relatively large (such as 256 or more) in order to
achieve reasonable efficiency. On the other hand, efficient
implementation of temporal blocking requires the size of one
dimension in the block to be read in to LLC to be very small
(such as 16 or 32). Thus, to achieve the efficiency defined in
equation (1) is not easy on recent machines.

In this paper, we propose a new approach to achieve very
high efficiency for compressive CFD calculations, by means of
temporal blocking, new CFD scheme designed to achieve high
efficiency with temporal blocking, and automatic generation of
the actual program from high-level description of the original
equation of fluid and spacial difference scheme. As we have
stated, it is almost impossible to take advantage of the temporal
blocking with widely used combination of 4-point staggered
grid and 4-stage Runge-Kutta time integration. In order to
achieve a meaningful speedup with temporal blocking, we
need a high-order scheme with a smaller number of stages in
time and narrower stencil size in space. We have constructed a
new scheme, SL4TH3, based on the collocation grid and Her-
mite time integration. SL4TH3 achieves fourth order accuracy
in space and third-order accuracy in time, with only one space
derivative evaluation per timestep. Thus, Ns = 2 for SL4TH3,
compared to Ns = 12 for widely used schemes.

One practical problem of the SL4TH3 scheme is that it is
based on the formal differentiation of the original equation
and thus is very complicated with a large number of terms.
This does not necessarily means that the calculation cost is
high, since it requires one derivative calculations per timestep,
while 4-stage Runge-Kutta methods require four derivative
calculations. However, the program becomes very complicated
and long, and it is impractical to write and debug the code.
Therefore, we rely on automatic generation of actual stencil
by formula manipulation programs and automatic generation
of actual code with temporal blocking and parallelization from
stencil by our Formura DSL [9], [10].

We have measured the performance of our generated code

on two systems with PEZY-SC2 processors: Gyoukou and
Shoubu System B. There are two main reasons why we chose
these PEZY-SC2 based systems. One is that they currently
offer the highest performance per watt, and thus can be
regarded as most efficient HPC systems. The other reason is
that they have probably the lowest relative memory bandwidth
(B/F ratio) among existing HPC systems listed in, for example,
Top500 or Green500. Thus, if we can demonstrate that our
approach works well on PEZY-SC2 based systems, we can
regard our approach is “future-proof”, since most likely HPC
systems in the future will have lower B/F numbers than that
of mainstream HPC systems at present.

The measured efficiency was 21.5%, which is comparable
to the efficiency of highly optimized CFD calculation on K
computer. K computer has the nominal B/F value of 0.5,
which is around 20 times higher that that of PEZY-SC2. We
have successfully demonstrated that the simulation program
with temporal blocking, automatically generated from well-
conceived finite-difference scheme, can achieve very high
efficiency on actual hardware with low memory bandwidth.

We describe our new approach in section 2 and measured
performance in section 3, and we summarize our work in
section 4.

II. NEW APPROACHES

A. The SL4TH3 scheme

As we discussed earlier, in order to achieve high efficiency
using temporal blocking, it is necessary to use high-order
scheme with stencils of small size and small number of stages.
High order in space can be achieved just by using high-order
spatial difference operator. However, we need to achieve high
order in time, without making the stencil size large. In other
words, we need a high-order time integration scheme which
requires the minimum number of derivative calculations per
timestep.

The obvious way to achieve high order in time with one
derivative calculation per timestep is the use of the predictor-
corrector method. In the predictor-corrector method, we first
predict the solution at the new timestep from the polynomial
fit of solution (usually the calculated derivatives) of several
previous timesteps, and then calculate the derivatives at the
new time, and usually apply the correction to the new solution
using the calculated derivatives (so-called PEC mode). Some-
times the calculation of the derivatives and the correction are



performed multiple times, to improve the stability. (P(EC)n

mode).
Unfortunately, an n-step predictor-corrector scheme need to

store the time derivatives calculated in n − 1 previous steps,
resulting in the increase of the memory usage and decrease of
the effect of the temporal blocking.

Yet another way to achieve high-order time integration with
single derivative calculation per timestep is the direct calcu-
lation of high-order time derivatives from high-order space
derivatives. We can calculate the high-order time derivatives
by taking the time derivative of the original partial differential
equations and replace the terms of time derivatives in the
right-hand side of the new equation by space derivatives using
the original equation. This approach have been used in the
IDO scheme[11]. However, the calculation cost of high-order
time derivatives is prohibitingly large, in particular for three-
dimensional calculations. Therefore, we adopted a hybrid of
predictor-corrector method and Taylor expansion method: the
Hermite scheme [12].

In the Hermite scheme, we do calculate the first time
derivatives of the left-hand side of the original equations from
spatial derivatives, and use the predictor-corrector scheme to
achieve higher order in time. In the case of usual predictor-
corrector scheme, the order of a p-step scheme is p. The order
of p-step Hermite predictor-corrector method is 2p. Thus, this
scheme has been widely used for accurate time integration of
particle systems.

In order to achieve the fourth-order accuracy, the Hermite
scheme requires two steps, however, the order of the predic-
tor polynomial can be lower. In this case, the fourth-order
Hermite scheme becomes effectively a single-step fourth-
order scheme[13]. Thus, it is ideal for the use with temporal
blocking.

Let us illustrate the derivation of high-order time derivatives
in the case of the continuity equation,

ρt = −(ux + vy + wz)ρ− uρx − vρy − wρz, (4)

where ρ, u, v, w are the density and x-, y-, and z-components
of the velocity. The subscript α indicates the partial derivative
on α, ∂/∂α. By differentiating the both hand sides by t we
obtain:

ρtt = −(ux + vy + wz)ρt − (utx + vty + wtz)ρ

− uρtx − vρty − wρtz − ρxut − ρyvt − ρzwt. (5)

This gives the second time derivative of the density. We still
have terms like ρtx, which can then be rewritten as

ρtx = −(ux + vy + wz)ρx − (uxx + vxy + wxz)ρ

− uρxx − vρxy − wρxz − ρxux − ρyvx − ρzwx. (6)

Now we have expressed ρtt in terms of high-order spatial
derivatives.

As we can see, though this derivation is simple and straight-
forward, the resulted equation contains very large number of
terms. Therefore we implemented a simple program to derive
second-order time derivatives from the original equations, and

Fig. 1. Various methods of temporal blocking. The gray numbers indicate
the order of regions that can be processed in parallel.

let that program generate the inner kernel for the stencil
calculation.

For the spatial derivatives, we use an 125-point (5 × 5 × 5
grids) finite difference form. For derivatives in one dimension,
we derive the coefficients from fourth-order polynomial fitting.
For cross derivatives we simply applied the finite difference
operator in three directions sequentially to obtain the final
form. We have tested the resulted scheme with a number of
test problems and obtained very good result. In this paper,
we call this scheme SL4TH3, as abbreviation for spatial
Lagrange interpolation with fourth order and temporal Hermite
interpolation with third order.

B. PEZY-SC2 and Gyoukou

In this section, we describe the features of Gyoukou, which
consists of 13312 PEZY-SC2 processors.

One PEZY-SC2 processor chip consists of physically 2048
processing elements (PEs). Currently, 64 of them are disabled
and the available number of PEs is 1984. Each PE can perform
1 or 2 multiply-and-add operation for FP64 and FP32 data. In
this paper we use FP64 calculations only, to retain accuracy.
With the clock speed of 700MHz, the theoretical peak speed is
2.8TF. Each SC2 processor have 4 channels of DDR4 memory,
for the peak throughput of 76.8GB/s. Thus B/F is 0.027. The
total size of LLC is 40MB. In addition to the cache memories,
each processor has 20KB of local memory, in a separate
address space.

A PEZY-SC2 processor has three levels of shared, non-
coherent cache memories. Each PE has its own L1D, and 16
PEs share L2D, and all PEs LLC. Each PE runs either four
or eight threads simultaneously. Thus, it is relatively easy to
hide the latency of the arithmetic units and L1D.

In the Gyoukou system, eight SC2 processor chips are
connected to single Xeon-D 1571 processor through a PLX
PCIe switch chip.

The nominal theoretical peak speed of Gyoukou system is
37Pflops. At the time when we measured the performance,
maximum configuration we can use was 8000 chips, for the
peak performance of 22.2 PF.

C. Implementation of Temporal Blocking

In our previous implementation[9], [10], we have used the-
oretically efficient, but complicated temporal blocking based



Fig. 2. Calculation on one processor. For simplicity, we show one-dimensional
case. One processor initially has region B0-C0. In order to start calculation,
it generates a dummy “wall” C0-D1, and calculation proceeds from right to
left. During the calculation, the data of region A0B0 is transferred from the
neighboring processor. At the end of one blocked calculation, the valid region
is B1C1.

on trapezoids. One problem with the trapezoidal blocking is
that the loop size changes during the interaction, and thus it
is difficult to use many PEs of SC2 efficiently. Therefore, we
decided to use a much simpler blocking scheme based on par-
allelogram (The right-bottom one in figure 1). In our current
implementation, all PEs process one region, in order to make
the size of the region, which is limited by the available size of
LLC, as large as possible. For one timestep, one processor chip
takes care of multiple regions sequentially. Each region have
the size of (nx, ny, nz), and one chip processes Nx×Ny×Nz

regions. One problem of the parallelogram blocking is that
the calculation can only proceed from right to left (in the
case of figure 1), and thus we cannot start calculation. We
have “solved” this problem by using rectangular blocking (top
left panel of figure 1) for the total regions of one processor.
Figure 2 describes our current implementation. One processor
initially has the region B0C0, and at the end of one blocked
calculation, it should have B1C1. Thus, data of A0B0 should
be transferred from the left-hand-side neighboring process.
In order to start calculation, a dummy “wall” of C0D1 is
generated, and calculation starts from there, and proceeds
to left. During the calculation, the communication is done.
Thus, we can see that the communication and the computation
are naturally and maximally overlapped. In this scheme, the
calculation of the triangle C0C1D1 will not be used, and
A0B0B1 is redundant. Thus, the amount of unnecessarily
calculation is not zero, but practically small enough since it is
proportional to NT /(Nxnx).

D. Spatial difference

We adopted five-point collocated central differences for all
spatial derivatives. They are given by

q = q0

qx =
1

12h
(q−2 − 8q−1 + 8q+1 − q+2) +O(h4)

qxx =
1

12h2
(−q−2 + 16q−1 − 30q0

+ 16q+1 − q+2) +O(h4)

qxxx =
1

2h3
(−q−2 + 2q−1 − 2q+1 + q+2) +O(h2)

qxxxx =
1

h4
(q−2 − 4q−1 + 6q0 − 4q+1

+ q+2) +O(h2) (7)

where qi denotesq(x + i∆x) and q(x) is the value of some
physical quantity at position x.

In the case of multi-dimensional space, we need finite differ-
ence approximation of cross derivatives. They are obtained by
applying the finite difference formulae of equation (7) in each
dimension. For example, the finite difference approximation
of ∂2/∂x∂y is given by

qxy =
[
q−2,−2 − 8q−2,−1 + 8q−2,+1 − q−2,+2

−8(q−1,−2 − 8q−1,−1 + 8q−1,+1 − q−1,+2)

+8(q+1,−2 − 8q+1,−1 + 8q+1,+1 − q+1,+2)

−q+2,−2 − 8q+2,−1 + 8q+2,+1 − q+2,+2
]

1
144h2 . (8)

Note that the resulted formulae for cross derivatives are inde-
pendent of the order in which the finite difference operators
are applied.

There are several different ways to calculate necessary
high-order finite difference terms. There are 3, 6, 11, and
15 first, second, third, and fourth-order spacial derivatives
in three dimensions, respectively. A naive approach is to
calculate all these terms directly from the data of 125 grid
points (in a 5 × 5 × 5 cube). The advantage of this approach
is that calculations for different grid points are independent
and thus can be assigned to different processors or different
threads easily. In addition, we do not need any additional
storage for intermediate variables except for that needed for
the calculation of one difference term. Thus, we can expect
that many-core processors such as PEZY-SC2 achieve fairly
high efficiency.

On the other hand, this naive approach has several draw-
backs. The first one is that actual calculation code derived
by this approach contains many redundant operations. for
example, qx is calculated once for each grid points, but
calculation of qxy , as we can see from equation (8), contains
the calculations of qx for four different grid points.

Another problem is that the L1D hit rate would be low in
the case of PEZY-SC2, since the amount of data read for one
timestep of one grid point is much larger than the size of
L1D. Since each grid point has 5 variables, the calculation of
spatial difference terms requires the access to 5 × 125 = 675
variables or 5.4KB of data, while each processor of PEZY-
SC2 has only 2KB of L1D cache, which is shared by either



four or eight threads. Thus, L1D is too small to keep the data
for one grid point. If one processor can keep the data of 625
grid points, it can reuse the data of 500 grid points in the next
iteration, if it handles the neighboring grid point. In order
to achieve this goal, L1D must be large enough to keep the
grid data, calculated spatial derivatives and other intermediate
terms for the calculation of high-order time derivatives. Total
size would be around 10KB. Thus, if the L1D size is more
than 10KB/thread, L1D hit rate would be much better.

A unique feature of PEZY-SCx processors is that each
processor has its local memory in separate address space. In
the case of SC2 its size is 20KB. So each thread can have
up to 5KB of local memory. Unfortunately, even this local
memory is not large enough to keep the grid data.

We can eliminate redundant calculations by the following
way. We first calculate all finite difference terms in x direction
for all grid points and store them in memory. Then we
calculate, again for all grid points, all terms which contain
difference in y coordinates, using previously calculated x
terms. Finally, we calculate all terms which contain difference
in z coordinates, using all previously calculated xy terms.

This approach is optimal in terms of the operation count, but
unpractical since it requires huge amount of memory to store
high-order derivatives and thus not cache-friendly. We then
can apply some cache blocking to this algorithm, to obtain
the most efficient algorithm.

Currently, we have implemented two approaches. In the first
approach, all difference terms are calculated independently.
In the second scheme, the redundant calculation is removed
only in the calculation of terms containing z coordinate. In the
second scheme, for each grid point, we calculate terms which
do not contain the finite difference in z direction, such as the
x, y, xx and xy terms. Calculation proceeds in the direction
of z coordinate. Thus after we calculated non-z terms to grid
point k (here k denotes the grid number along z axis), we
can calculate z terms for grid point k − 2. This means we
need to store the finite differences for only five grid points
in z direction. These differences are stored not in the cache
memories but in the local memory. Thus, we should be able
to reduce the access to grid data and yet to improve the L1D
hit rate.

In the rest of this paper, we call the first approach as
naive difference and the second one modified difference. The
operation count for the naive difference (only for spatial
difference operations) is 2849 and for modified difference
1415. Note that these two approaches give the result same
to each other except for the roundoff error.

E. Code generation

In our current implementation, only the stencil kernel for
one block is problem-specific, and all other codes can be used
for any stencil calculation. The kernel code is generated by
FORMURA system[9], [10] from the description of the finite
difference scheme (see section II-A), and the finite difference
scheme itself is generated from the original fluid equation
(figure 3) by formal differentiation and templates for space

r[t,x,y,z]_t = -u[t,x,y,z]*r[t,x,y,z]_x - v[t,x,y,z]*r[t,x,y,z]_y
- w[t,x,y,z]*r[t,x,y,z]_z
- r[t,x,y,z]*(u[t,x,y,z]_x + v[t,x,y,z]_y + w[t,x,y,z]_z)

u[t,x,y,z]_t = -u[t,x,y,z]*u[t,x,y,z]_x - v[t,x,y,z]*u[t,x,y,z]_y
- w[t,x,y,z]*u[t,x,y,z]_z
- p[t,x,y,z]_x/r[t,x,y,z] + c*vis1[t,x,y,z]/r[t,x,y,z]

v[t,x,y,z]_t = -u[t,x,y,z]*v[t,x,y,z]_x - v[t,x,y,z]*v[t,x,y,z]_y
- w[t,x,y,z]*v[t,x,y,z]_z
- p[t,x,y,z]_y/r[t,x,y,z] + c*vis2[t,x,y,z]/r[t,x,y,z]

w[t,x,y,z]_t = -u[t,x,y,z]*w[t,x,y,z]_x - v[t,x,y,z]*w[t,x,y,z]_y
- w[t,x,y,z]*w[t,x,y,z]_z
- p[t,x,y,z]_z/r[t,x,y,z] + c*vis3[t,x,y,z]/r[t,x,y,z]

p[t,x,y,z]_t = -u[t,x,y,z]*p[t,x,y,z]_x - v[t,x,y,z]*p[t,x,y,z]_y
- w[t,x,y,z]*p[t,x,y,z]_z

- gm*p[t,x,y,z]*(u[t,x,y,z]_x + v[t,x,y,z]_y + w[t,x,y,z]_z)
- c2*(u[t,x,y,z]*vis1[t,x,y,z] + v[t,x,y,z]*vis2[t,x,y,z]
+ w[t,x,y,z]*vis3[t,x,y,z])

Fig. 3. The input differential equation.

derivatives. The generated kernel for the update of actual grid
point is around 400 lines of code, with some lines containing
around 100 terms in the case of naive approach for spatial
differences.

III. MEASURED PERFORMANCE

To measure the performance, we measured the time for one
blocked step. The fluctuation of the wall clock time turned
out to be very small. The execution time is measured by
the wallclock timer, and operation count is from the counted
number of interactions calculated. We excluded the operations
for redundant and unused regions we described in section II-C.

We first present the parallel performance and scalability of
the code based on the naive approach, measured on the Gy-
oukou system, and then present the single-node performance of
the improved approach. The reason why we do not present the
performance numbers of the second approach on the Gyoukou
system is that Gyoukou was turned off on March 31, 2018 and
currently unavailable.

A. Efficiency and Scalability on Gyoukou

The computation of spatial derivative with the naive ap-
proach requires 2849 floating-point operations, while the equa-
tion of motion and other small calculations require 1415
floating-point operations. This adds up to 4264 floating-point
operations per grid point.

We used this operation count to calculate the total number
of floating-point operations. Because of the limited availability
of the Gyoukou system, we could not finish the strong scaling
test. So in this paper we report the result of weak scaling test
only. For the weak-scaling measurement, we have performed
runs with 7923 grid points per MPI process, and varied the
number of processes from 512 to 8000. For all measurements
of the naive approach on Gyoukou, we used NT = 4. We will
discuss the effect of NT in more detail for the case of the
improved scheme in the next subsection.

Figure 4 shows the time per one timestep. We can see
that the total time per timestep does not show any variation,
while the communication time shows rather large variations
and tends to be larger for larger number of MPI processes. As
we described in section II-C, the communication is perfectly



Fig. 4. Time per timestep in second for the weak-scaling test. The horizontal
axis is the number of MPI processes. Triangles and crosses show the total
time per timestep and communication time per timestep, respectively.

Fig. 5. Performance in petaflops for weak-scaling test. The calculation speed
in Petaflops is plotted as a function of the number of MPI processes.

overlapped with communication. Therefore, as long as the
communication time does not exceed the calculation time, the
total time remains constant.

Figure 5 shows the calculation speed in terms of Petaflops.
The calculation speed shows perfectly linear speedup as we
increase the number of processes.

To summarize, the performance of run on 8000 MPI pro-
cesses is 4.78 PF, or 21.5% of the theoretical peak perfor-
mance.

B. Improved approach

In this section, we present the performance of the “im-
proved” approach. As we have discussed in section II-D, the
performance of the naive approach for the spacial difference is
rather low on machines with very small L1D cache. In fact, the
cache miss rate of L1D is nearly 40% for the naive approach.
At the same time, the operation count is rather large.

In the improved scheme, both the number of unique words
and the total number of words accessed for one grid point is
reduced by a large factor (factor of five for unique words, from
625 to 125. and by a similar factor for total number of words).
Thus, we hoped to achieve much better efficiency. Currently,

Fig. 6. Calculation speed plotted as a function of the size of temporal blocking
NT . The improved scheme is used.

Fig. 7. Ratios of times spent in calculation and main memory access plotted
against the size of temporal blocking NT . The improved scheme is used.

however, the efficiency is slightly lower. The actual calculation
speed is improved by 25%, because the number of redundant
calculations for space differences is reduced.

Figure 6 shows the effect of the temporal blocking. As we
increase NT , we can see quite significant improvement of the
total calculation time.

The fact that we have achieved quite significant speedup by
means of the temporal blocking implies that the calculation
speed of our implementation for large NT is no longer limited
by the main memory bandwidth, and we have achieved the
efficiency close to 20%, which is comparable to those achieved
on machines with much higher memory bandwidth. Figure
7 shows how the calculation time and main memory access
time varies when we change NT . For NT = 1 (no temporal
blocking), main memory access consumes 60% of the total
time, but for NT = 8, it consumes less than 30%. This clearly
is the reason for the speedup we observed for the total time.

The fact that 70% of the total time is spent for calculation
in the case of NT = 8 seems to imply we should be able
to achieve the overall efficiency somewhat higher than 20%,
which we actually measured. We are still investigating the



reason for this discrepancy.
The number of grid points processed on Gyoukou in one

second was 1.18 × 1012. If Gyoukou were still available, the
improved scheme would provide 1.5 × 1012, assuming the
scaling similar to that of the original scheme.

IV. DISCUSSION AND SUMMARY

In this paper, we described the implementation and perfor-
mance of a highly efficient explicit scheme SL4TH3, com-
bined with temporal blocking, for the simulation of compres-
sive fluid on Gyoukou supercomputer.

The measured performance is 4.78 PF, or 21.5% of the
theoretical peak, for simulation of the subsonic turbulence
with the grid of 158403 on 8000 PEZY-SC2 chips. This speed
corresponds to the update of 1.18×1012 grid point per second.
This measurement was done with our “naive” scheme, and
“improved” scheme should have given 1.5 × 1012 updates.
Also, for the “improved” scheme, the effect of the temporal
blocking is around a factor of 1.7 for the case of NT = 8.
So we have achieved quite significant speedup by means of
temporal blocking.

The achieved efficiency is comparable to what is achieved
on K computer, even though the relative memory bandwidth
of PEZY-SC2 is around 1/20 of that of K computer. Also,
we demonstrated that the proper use of temporal blocking can
actually decrease the total execution time.

Our result implies that it is possible to use HPC sys-
tems with relatively low memory bandwidth (and also net-
work bandwidth) quite efficiently for calculations of explicit
schemes on regular grids. It is also possible to apply the idea
of temporal blocking, to further improve the performance.

In our approach, as we stated in section II-E, the imple-
mentation of parallelization and temporal blocking framework
and that of the finite difference scheme for the differential
equation are completely separated, and the optimization such
as the overlapping of the communication and calculation is
taken care in the side of the parallelization framework. The
implementation of the finite difference scheme should provide
the code to perform the update of one block in the right-
bottom panel of figure 1. All of the physics and mathematics
of the problem to be solved is in this part, and not in
the parallelization framework. We can apply our FORMURA
framework to any explicit scheme on the regular grid, though
the effect of the temporal blocking might not be as good as
that for the SL4TH3 scheme.

Explicit methods, in particular when combined with ade-
quate timescale transformations such as the RSS method, can
outperform traditional implicit methods quite easily, since the
maximum timesteps allowed are not much different, while
there are huge differences in the requirements for commu-
nication latency and main memory bandwidth.

We believe it is important to shift the research and develop-
ment from clever and complex methods for implicit iterative
solvers to explicit methods and clever ways to scale physical
quantities to relax the limits such as the CFL limit. It is
also important to develop and improve new high-order explicit

schemes which do not need high memory bandwidth and yet
computationally efficient.
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