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Doing Moore with Less — Leapfrogging Moore’s Law with
Inexactness for Supercomputing

Sven Leyffer, Stefan M. Wild, Mike Fagan, Marc Snir, Krishna Palem, Kazutomo Yoshii, Hal Finkel, Member, IEEE

Abstract—We investigate the use of inexactness, to trade solution quality with energy savings to reduce power consumption in HPC
systems, using commercial off-the-shelf processors for lower-precision arithmetic. We implement an inexact Newton algorithm for
solving nonlinear equations to show how to reinvest energy savings to improve solution quality. We provide an analytical model to
explain our findings, and provide a justification for using nonstandard half-precision arithmetic for ill-conditioned problems.
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1 INTRODUCTION

The performance of leading supercomputers has increased by
an order of magnitude every 3—4 years in the past two decades.
The main factors contributing to this growth have been (i) the
sustained exponential increase in the performance of proces-
sors, as exemplified by Moore’s Law; (ii) a growth in the size of
the largest supercomputers and of their energy consumption;
and (iii) the use of increasingly specialized and more energy-
efficient components, such as GPUs, long vector units, and
multicores.

Two of these three factors are running out of steam. Moore’s
law is is coming to an end as it has become increasingly dif-
ficult, and hence expensive, to reduce the energy consumption
of transistors. There are few alternative technologies that hold a
promise of a better energy x delay product and none are close to
commercial deployment. Current top supercomputers require
power in the range of 10-20MW; it is hard to significantly
increase these numbers, because of the cost of energy and
the limitation of existing installations. Continued increase in
effective supercomputer performance will increasingly depend
on a smarter use of existing systems.

The study of the precision level of numerical algorithms
has been a fundamental subject in numerical analysis since
the inception of the field [1], [2]. Much attention has been
devoted to the numerical errors induced in simulations by the
discretization of continuous space and time; and to the tradeoff
between precision level and number of iterations in iterative
methods. Less attention has been paid in the HPC world to the
discretization of real numbers into 16-, 32-, or 64-bit floating-
point values, since the use of lower precision did not result in
significant performance gains on commodity processors.

2 SOLVING NONLINEAR EQUATIONS

We investigate the effect of low-precision arithmetic on an
inexact Newton method. The inexact Newton method [3] con-
sidered here, and Jacobian-free Newton-Krylov methods [4] in
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general, are workhorses in modern nonlinear solvers and pro-
vide insight into how low-precision arithmetic can be exploited
in scientific computing. Our goal is to solve the nonlinear
system of equations

)

where ' : R™ — R" is twice continuously differentiable.

The basic inexact Newton method starts from an initial
iterate z°, and consists of outer and inner iterations. The outer
iterations Correspond to approximate Newton steps that pro-
duce a sequence {z*}} of iterates. Given z*, the inner iteration
solves the Newton system

@

approximately for s € R"; in our case, this is done by using BI-
CGSTAB [5], but the specific form of inner solver is not a critical
part of the present analysis. Our implementation is matrix-free,
in that the Jacobian matrix VF'(z) is never explicitly evaluated;
the user needs only to implement vector products with the
Jacobian matrix.

We consider two sets of test problems of variable dimension.
The first problem, Laplace, is a well-conditioned linear system
of equations, derived from a central-difference discretization of
the Poisson equation. We note, however, that because we use
an inexact Newton solver, the linear system is not solved in
a single outer iteration. The second problem, Rosenbrock, is
nonlinear and notoriously ill-conditioned, and provides a more
strenuous test for our low-precision implementation.

3 EXPERIMENTAL RESULTS

Our hardware testbed for this study was a Dell precision T1700
workstation operated by CentOS 7 and equipped with an Intel
core i7 4770 (3.40 GHz) and 16 GB of DDR3 RAM. The processor
had 4 cores, each with 2 hyperthreads, giving 8 logical CPUs.
The Intel core i7 4770 processor has 2 important architectural
features:

1)
2)

It implements the AVX2 instructions set
It supports the Running Average Power Limit (abbrevi-
ated RAPL) hardware counter [6]

Item 2 gives us a way to measure the energy consumption for a
given program. The specific RAPL tool that we used, etrace?2,
was written by one of the authors of this paper.

The energy expended by each of the four variants of the
Laplace experiment are shown in Fig. 1. The energy consump-
tion for single- and double-precision arithmetic operations are
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Fig. 1. Energy expended by Inexact Newton variants on Laplace; con-
vergence to accuracy e = 1076.

the same. On the other hand, vector arithmetic instructions will
perform twice as many operations for the same time and energy
budget in single precision as in double precision. In particular,
vector loads will load twice as many data values for the same
energy budget. Vector operations are also much more energy
efficient per operand than scalar operations — by a factor of 2
to 4. Thus, we expect modest gains when moving from scalar
double precision to scalar single precision.

Our initial gain experiments show that the SIMD vector
codes have better energy savings. Consequently, we now focus
on the vectorized variants for our reinvestment strategy:

¢ Werun the algorithm in double precision to a given error
bound and measure energy consumption. This is our
energy budget.

e We next run the algorithm in single precision for a
number of iterations, followed by double precision for
a number of iterations, consuming the same energy as
before, and measure the error bound. The ratio between
the first error bound and the second is the achieved
improvement factor.

We have also experimented with alternative half-precision
formats after observing that IEEE’s standard half-precision
format did not provide a sufficient dynamic range for ill-
conditioned problems. By changing the number of expo-
nent/mantissa bits from IEEE’s 5/10 to 7/8, we were able to
also solve ill-conditioned problems in half-precision arithmetic.

4 THE MATHEMATICS OF ENERGY REINVESTMENT

We develop a model of the reinvestment of the energy saved
using low-precision arithmetic, and show that under fairly mild
assumptions, we can expect to obtain a more accurate solution
at a reduced cost, and we quantify the potential savings in the
example of our inexact Newton applications.

Given its iterative nature and adaptive accuracy require-
ments, the inexact Newton method lends itself almost ideally
to an approach that seeks to take advantage of inexact and
adaptive-precision arithmetic. We are motivated by the obser-
vation that most of the work of Newton’s method typically
occurs before the transition to fast quadratic convergence.

We propose a simple meta-strategy that starts by running
the inexact Newton with low-precision arithmetic, and switches
to increasingly higher accuracy levels as we approach the solu-
tion. It consists of running the inexact Newton method at pre-
scribed precision levels, with an accuracy tolerance, discussed
further below, based on the current precision level. Many
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Fig. 2. Energy (less a normalizing constant) expended for linear con-
vergence rate as a function of e for different hybrid precision levels
(assumes s; = 31gp; + 1 and E(p)  p).

other approaches are possible, but this simple meta-strategy
facilitates analysis and is representative of other inexactness-
switching-based strategies for linear and nonlinear solvers [7],
[8].

We generalize the energy model in [9] and derive an energy
model for each individual iteration of inexact Newton that also
takes cache misses into account. We note that for both equations
(Laplace and Rosenbrock) solved by our inexact Newton code
have tridiagonal Jacobians. Hence, the MatVec operation for
our particular test cases is O(n), rather than O(n?) in the dense
case. All other operations in any given iteration are also O(n).

We let kn denote the number of floating-point operations
at an outer iteration, and In denote the number of floating-
point storage locations. In our examples, both k and [ are small
integers when compared with the problem dimension n. We
let E.(p) and E¢(p) denote the energy required for a single
floating-point compute and transfer, respectively, at precision
level p. We neglect the cost of L1 cache transfers, and instead
only consider L2 and L3 cache transfers.

Here, we develop a mathematical model for the reinvest-
ment strategy. Formally, we compare the accuracy of a com-
putation done using double precision to the accuracy of a
computation using the same amount of energy, but using single
precision, where feasible. The analysis can be extended to the
case of more than two levels of precision. Our analysis is
illustrated in Fig. 2 for a variety of precision levels, under
the assumptions s; = p;/2, the length of the exponent, and
E(p:)  ps, the precision level. We show that the improvement
factor satisfies

€ > 2min{1ge+pz—52,(p1—31)(1—Eg;;)}. )
€k1+ko

This bound relates the improvement factor to the original
accuracy (e), the precision levels (p; — s;), and the energy ratio

(E(p 1) ), where X is the convergence rate constant.
E(p2)

5 CONCLUSION

We have developed a somewhat paradoxical procedure for
reducing the errors in numerical computations by reducing
the precision of the floating point operations used. Our focus
has been on using in the best possible manner a given energy
budget. The paper illustrated one possible tradeoff between
computation budget and quality, namely the one achieved by
changing numerical precision of floating point numbers.
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